Abstract. It is shown that the class of perturbations of the semigroup of shifts on L 2 (R + ) by unitary cocycles V with the property Vt − I ∈ s 2 , t ≥ 0 (where s 2 is the Hilbert-Schmidt class) contains strongly continuous semigroups of isometric operators, whose unitary parts possess spectral decompositions with the measure being singular with respect to the Lebesgue measure. Thus, we describe also the subclass of strongly continuous groups of unitary operators that are perturbations of the group of shifts on L 2 (R) by Markovian cocycles W with the property Wt − I ∈ s 2 , t ∈ R.
Introduction
Consider the one-parameter group of shifts S = {S t , t ∈ R} acting on the Hilbert space H = L 2 (R) by the formula (S t f )(x) = f (x + t), f ∈ H. The group of unitary operators S determines a group of * -automorphisms α = {α t , t ∈ R} acting on the algebra B(H) consisting of all bounded operators on H such that α t (x) = S t xS −t , x ∈ B(H), t ∈ R. Let H 0 = L 2 (R + ) and assume that H 0 is naturally embedded into H. Then, given t ≥ 0, it is possible to define correctly the restrictions T t = S −t | H0 and β t = α −t | B(H0) forming the semigroup of right shifts on the semi-line T = {T t , t ∈ R + } and the semigroup β = {β t , t ∈ R + } consisting of * -endomorphisms of B(H 0 ). As shown in [1] , β satisfies the property n∈N β tn (B(H 0 )) = {C1}, t > 0. The semigroup β is said to be the flow of Powers shifts.
Let U(H) and U(H 0 ) denote the groups of all unitary operators on the spaces H and H 0 . A set W = {W t ∈ U(H), t ∈ R}, W 0 = I, is said to be a multiplicative unitary 1-cocycle of the group S (or, equivalently, of the group α), if
It follows from (1) and the condition W 0 = I that (2) W −t = α −t (W Thus, it suffices to determine the cocycle only for positive or only for negative values of the parameter t. Analogously, it is possible to define a multiplicative unitary 1- 
For short, usually one refers to α-cocycles and β-cocycles if one needs W and V respectively. We say that a semigroup of *-endomorphismsβ is a cocycle perturbation of the flow of Powers shifts β if there is a β-cocycle V such that
This notion was introduced by W. Arveson [2] . In the same paper it was proved that the so-called completely spatial semigroups of endomorphisms are cocycle perturbations of the flow of Powers shifts. On the other hand, already in [1] the problem was posed to investigate cocycle perturbations of the flow of Powers shifts on arbitrary von Neumann factors that are not isomorphic to the algebra B(H) of all bounded operators. In the present paper we continue the investigation of cocycle perturbations initiated in [1, 2] . It is shown in [3] (and in [4] , where the group of shifts with the discrete parameter t ∈ Z is considered) that, for quasifree semigroups on the hyperfinite von Neumann factors, to solve this problem one needs to describe the set of all β-cocycles V with the property
where s 2 denotes the Hilbert-Schmidt class of operators. Here we give new examples of such cocycles V .
Note that each β-cocycle V t ∈ U(H 0 ) can be extended to an α-cocycle W t ∈ U(H) if one continues the action of each V t by the formula V t f = f, f ∈ H H 0 , and puts W −t = V t , t ≥ 0. Furthermore, for positive values of t the action of the cocycle W t is determined by means of the equality (2). Denote by H t ⊂ H the subspace of the past before the moment t, which is generated by functions with supports in the segment [−t, +∞). Note that H t = S t H 0 , t ∈ R. The cocycle W obtained by the extension procedure of V given above satisfies the property of "localization of the action to the past" W t | H ⊥ t = I and is said to be Markovian (see [5, 6] ). We shall say that the Markovian α-cocycle W and the β-cocycle V are associated. Thus, to describe all β-cocycles V with the property V t − I ∈ s 2 , t ≥ 0, one needs to describe all Markovian α-cocycles W with the property W t − I ∈ s 2 , t ∈ R.
In [5, 6] a model is constructed describing all Markovian α-cocycles. The Markovian α-cocycles are completely determined by the β-cocycles associated with them. Every β-cocycle V defines a semigroup of isometric operators
It turns out (see [6] ) that the deficiency index of the generator ofT t equals one and, vice versa, every semigroup with unital deficiency index of the generator is a cocycle perturbation of T . Let H 0 = H u ⊕ H is be the Wold decomposition of the semigroup T . Here the subspaces H u and H is reduceT to the semigroups of unitary operators and completely non-unitary operators respectively. The techniques introduced in [3] - [7] allow one to prove (see [5, 3] ) that for every unitary semigroup U = {U t , t ∈ R} on the Hilbert space K it is possible to choose a β-cocycle V with V t − I ∈ s 2 such that the cocycle perturbation of T by V leads to the semigroupT , whose unitary partT | Hu is unitarily equivalent to U if U has a pure point spectrum or a bounded generator. In the present paper, using the results of [8] , we prove that the class of perturbations of the semigroup of shifts T by the β-cocycles V with the property V t − I ∈ s 2 , t ≥ 0, contains the semigroups of isometric operators with the unitary parts U , which admit the spectral representations with the measures being singular with respect to the Lebesgue measure.
Main result
In what follows we shall use the methods of the theory of invariant subspaces of the semigroup of shifts T (see [9] ). Suppose that the subspace K ⊂ H 0 and T t K ⊂ K, t ≥ 0. Then there is an inner function Θ in the upper half-plane C + (i.e., a bounded function, analytic in C + , such that the modulus of its non-tangential boundary values is equal to one a.e. with respect to the Lebesgue measure on the real line) such that K = M Θ H 0 , where the isometric operator M Θ is defined by the formula M Θ = F −1 ΘF .
Here and in what follows we denote by Θ and F the operator of multiplication by the function Θ(z) and the Fourier transform respectively. By P L we denote the orthogonal projection onto the subspace L.
Let U = {U t , t ≥ 0} be an arbitrary strongly continuous semigroup of unitary operators on K ⊥ . Define a strongly continuous semigroup of isometric operators T t on H 0 by the following formula:
By means of the operator M Θ one can construct a dilation of the semigroupT to a strongly continuous group of unitary operatorsS on H such that
and for t > 0 we should putS t =S * −t . Now let us introduce the α-cocycle W by the formula W t =S t S −t , t ∈ R. Then, by construction, one can see that
or, what is equivalent, by virtue of the equality (2), we get
Thus, W is a Markovian cocycle, the subspace H 0 is invariant with respect to W t for t ≤ 0, and it is possible to determine the β-cocycle V t = W −t | H0 , t ≥ 0 (see [6] ). Notice that the semigroup U is the unitary part ofT . In [3] - [7] it was shown that if U has a pure point spectrum or a bounded generator, then there is an inner function Θ such that the cocycles W and V determined by the group (3) satisfy the properties W t − I ∈ s 2 , t ∈ R, and V t − I ∈ s 2 , t ≥ 0, respectively. To prove the inclusion in the Hilbert-Schmidt class, an estimation of Θ was used for U with a pure point spectrum, and the von Neumann theorem was used to extend the result to U with a bounded generator. In [3, 7] only β-cocycles were investigated, while in [5, 6 ] the notion of Markovianity was involved.
Suppose that for a strongly continuous group of unitary operatorsŨ on a Hilbert spaceK there exists a measure µ on the real line R, µ(R) < +∞, such thatŨ is unitarily equivalent to the group of unitary operators U acting on the Hilbert space L 2 (µ) by the formula
The representation (4), which is said to be spectral, surely exists if there is a vector e ∈K cyclic with respect to the groupŨ = e itH (i.e., a vector e such that for the generator H the vectors {f (H)e | f ∈ L ∞ } form a dense set inK). An arbitrary group of unitary operatorsŨ is unitarily equivalent to a no more than countable orthogonal sum of unitary groups of the form (4) (see [10] ). Note that a group of unitary operators possessing both bounded generator and pure point spectrum admits the spectral decomposition (4) . So the following theorem gives also an alternative proof of the results obtained in [3] - [7] . 
Proof. The measure of the spectral representation µ defines the singular inner function Θ:
It is shown in [8] that the condition µ(R) < +∞ implies that
Essentially, this is a half-plane version of the results of P. R. Ahern and D. N. Clark [11] for the unit disk. The Ahern-Clark theorem states that if an inner function θ in the unit disk has a finite angular derivative at a point ζ, |ζ| = 1, then the nontangential boundary value θ(ζ) is well-defined and the function By virtue of the theorem on triangulation of the truncated shift (see [9] ), the group U defined by the formula (4) is unitarily equivalent to a certain group U = {U t | t ∈ R} acting on the space K ⊥ such that
Thus, the operator U t is a normal part of the operator of the truncated shift
Let us define the operatorsS t by (3). Then Considering the cocycle W t =S t S −t , we get that (8) is equivalent to (9) W −t − I = (T t − U t )P K ⊥ S t P H−t + (M Θ − I)P H0 H−t , t ≥ 0.
The first term in the right-hand side of (9) belongs to s 2 by virtue of the theorem on triangulation (7) . The second term is in s 2 due to (6).
